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Abstract
Let M be an oriented hyperbolic 3-manifold with finite volume. In [W.D. Neumann, J. Yang, Bloch invariants of hyper-
bolic 3-manifolds, Duke Math. J. 96 (1999) 29–59. [9]], Neumann and Yang defined an element β(M) of Bloch group B(C)
for M . For this β(M), volume and Chern–Simons invariant of M is represented by a transcendental function. In this pa-
per, we define β(M,ρ,C,o) ∈ P(C) for an oriented 3-manifold M with boundary, a representation of its fundamental group
ρ :π1(M) → PSL(2,C), a pants decomposition C of ∂M and an orientation o on simple closed curves of C. Unlike in the case of
finite volume, we construct an element of pre-Bloch groupP(C), and we need essentially the pants decomposition on the boundary.
The volume makes sense for β(M,ρ,C,o) and we can describe the variation of volume on the deformation space.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In [5], Dupont and Sah defined the pre-Bloch group P(C) from the point of view of the Scissors Congruence (but
the terminology pre-Bloch group was defined in [8]). They proved that
0 → Q/Z → H3
(
PSL(2,C),Z
)→ P(C) λ→ C∗ ∧Z C∗ → H2(PSL(2,C),Z)→ 0 (1.1)
is exact, where Hi(PSL(2,C),Z) is the group homology (in other words this is a homology of BPSL(2,C)δ). Neu-
mann and Yang defined an element of the pre-Bloch group for a finite volume hyperbolic 3-manifold and proved
that it only depends on M in [8]. If M is closed, the map π1(M) → PSL(2,C) defines a map M → BPSL(2,C)δ .
β(M) is the image of the fundamental class of M in H3(M,Z). They also defined the element β(ρ) of P(C) for a
representation ρ :π1(M) → PSL(2,C) and proved that β(ρ) only depends on M and ρ. But their definition needs the
assumption that the restriction of the representation to each boundary component of the 3-manifold has a common
fixed point in CP 1. So if the boundary components are not all tori, this assumption does not hold in general. We define
an element of P(C) for a 3-manifold with boundary and the representation ρ of its fundamental group, and show its
invariance. But in this case, we need some boundary conditions: pants decomposition.
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fundamental group π1(M). For each component of ∂M , fix a pants decomposition C: a maximal set of distinct isotopy
classes of disjoint simple closed curves. We call each curve a pants curve. Let o be an orientation on the simple closed
curves of C. We assume that the restriction of ρ to each pair of pants is irreducible and the image of pants curves in
PSL(2,C) is a set of hyperbolic elements. We triangulate each pair of pants into two ideal triangles so that deleted
vertices go to the boundaries of pants in the directions of o. So we obtain a triangulation of ∂M . We extend this
triangulation to a triangulation of M . The developing map of ρ maps the universal covering M˜ of M to H3. Then each
3-simplex maps to an ideal 3-simplex in H3 and we can define the element β(M,ρ,C,o) ∈ P(C). Each boundary
curve of a pants is mapped to a geodesic of H3. We show that:
Proposition 1.1. β(M,ρ,C,o) only depends on M , ρ, C, o, and not on the choice of triangulation of M .
There is a map λ :P(C)→ C∗ ∧Z C∗ and we show:
Theorem 1.2. Let M be a compact 3-manifold with boundary ∂M = S1 ∪ · · ·∪Ss ∪T1 ∪ · · ·∪Tt where Ti is torus and
Si is surface with genus  2. We denote g =∑si=1 gi . We fix a pants decomposition C of Si and an orientation o on
simple closed curves of C. Let ρ be a representation of fundamental group of M into PSL(2,C). We assume that the
restriction of ρ to each pair of pants of ∂M is irreducible and the image of ρ on each curve of C is a set of hyperbolic
element. Then
λ
(
β(M,ρ,C,o)
)= t∑
k=1
Lk ∧Z Mk +
3(g−s)∑
k=1
Hk ∧Z Wk,
where Lk and Mk are holonomies of a basis of fundamental group of Tk for k = 1, . . . , t and Hk is a holonomy for the
curve γ ∈ C and Wk a twist parameter of γ for k = 1, . . . ,3(g − s).
The twist parameter is defined in Sections 3.1 and 3.2. We remark that β(M,ρ,C,o) and Hk ∧ZWk depend on the
pants decomposition C and the orientation o on simple closed curves of C.
This paper is organized as follows. Section 2 is devoted to the combinatorial results which we need later. In
Section 3, we describe the representation spaces of fundamental groups of 3-manifolds and surfaces. In Section 4, we
define the element β(M,ρ,C,o) and its invariance. We also prove the Theorem 1.2. We finally study the volume in
Section 5.
2. Combinatorics of triangulations
2.1. Pants decomposition of a surface and its triangulation
Let S be a closed oriented surface. A pants decomposition C of S is a maximal set of distinct isotopy classes of
disjoint simple closed curves on S. We call each curve a pants curve. Let o be an orientation on pants curves. If we
remove C from S, the resulting surfaces are 3-holed spheres. We call each component of S −C a pair of pants P . We
triangulate a pair of pants into two ideal triangles whose ideal vertices go to the directions of o (the left of Fig. 1).
An ideal triangle is a triangle without vertices and deleted vertices go to boundary curves. For simplicity, we draw
this triangulation by truncated ideal triangles (the right of Fig.1). This is a 3-holed sphere with 3 arcs connecting two
boundary curves. An ideal triangulation associated to the pants decomposition C is an ideal triangulation such that
each pair of pants of C is ideally triangulated.
2.2. Ideal tetrahedron
H3 = {(x, y, t); x + iy ∈ C, t ∈ R>0} is the upper half space model and CP 1 = C ∪ {∞} is its boundary. H3 has
metric and its group of orientation preserving isometries is PSL(2,C). An ideal 3-simplex is a geodesic tetrahedron
with all vertices in CP 1. This is described by 4 vertices z0, z1, z2, z3 ∈ CP 1 (zi = zj for i = j ). We distinguish the
order of (z0, z1, z2, z3). We are interested in the equivalent class by the action of PSL(2,C). An ideal 3-simplex has
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Fig. 2. Complex parameter of ideal 3-simplex.
a complex parameter. This is described by cross ratio. For an ideal tetrahedron with vertices z0, z1, z2, z3 (zi = zj for
i = j ), define cross ratio of this tetrahedron
z = [z0 : z1 : z2 : z3] = (z2 − z1)(z3 − z0)
(z2 − z0)(z3 − z1) .
This parameter depends on the order of vertices (Fig. 2). If we move z0, z1 and z2 to 0, ∞ and 1 by a linear fractional
transformation
t 	→ z2 − z1
z2 − z0 ·
t − z0
t − z1 ,
then z3 is mapped to z = [z0 : z1 : z2 : z3]. The cross ratio can be considered more geometrically. The group of
isometries which fixes z0 and z1 is isomorphic to C∗ and z sends z2 to z3. This means cross ratio is only determined
by the edge and the orientation of ideal simplex. Let E1,E2, . . . ,E6 be edges of ideal 3-simplex as in Fig. 2. Then E1,
E2 and E3 have complex parameters z, 1/(1 − z) and 1 − 1/z. El,El+3 have same complex parameters. We define
pair of integers
E1 =E4 = (1,0), E2 =E5 = (0,−1), E3 =E6 = (−1,1) (2.1)
for El . We use the same symbol El for a pair of integers by abuse of notation.
2.3. Triangulation of 3-manifolds
Let M be a compact oriented manifold with boundary ∂M . We define a triangulation T on M . We use the word
quasi-simplicial complex in the next meaning as in Section 4 of [6].
Definition 2.1. A quasi-simplicial complex K is a CW complex, each i-dimensional cell is homeomorphic to i-di-
mensional simplex and attaching map is injective simplicial map.
For example, we do not require that one 3-simplex has different vertices (for example, there is a simplex whose all
vertices are one point in K). In this paper, quasi-simplicial complex is 2- or 3-dimensional one.
Definition 2.2. A triangulation of M is a quasi-simplicial complex T with a map T − T (0) → M which satisfies that
T − T (0) → M is an embedding into M . We require that the link of each vertex of T (0) is homeomorphic to a sphere,
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torus or annulus. These spheres are filled in M and these tori are mapped homeomorphically to components of ∂M
whose genera are 1. T admits an ideal triangulation associated to the pants decomposition C on each component of
∂M whose genera are greater than 1 and each link of boundary curve of pants is annulus. We assign pair of integers
to each edge of a 3-simplex as in (2.1).
We can imagine easily this situation if we attach truncated ideal 3-simplices each other. Truncated vertices make
2-dimensional triangles. When we attach 3-simplices along their faces to each other, then these triangles are attached
to each other. Because of the above condition of definition, these triangles form spheres, tori or annuli. The sphere is
a link of some vertex of M , the torus is a boundary component and the annulus is a link of pants curve.
The orientation of M induces orientations of simplices of T by the embedding T − T (0) → M .
We fix some notations. We decompose ∂M into connected components S1 ∪ · · · ∪ Ss ∪ T1 ∪ · · · ∪ Tt , where gi =
genus(Si)  2 and Ti is torus. We denote g =∑si=1 gi . Therefore ∂M has 2(g − s) pairs of pants. The number of
3-simplices is n and we use index ν for 3-simplices (ν = 1,2, . . . , n). We use index k for the tori or annuli (k =
1, . . . , h). Let v be the number of vertices whose links are homeomorphic to sphere.
We distinguish the word edge and 1-simplex. The edge belongs to some 3-simplex. On the other hand, the 1-simplex
is only a 1-simplex of T (1), so we do not require that it belongs to some 3-simplex. We use a capital letter E for edge
and a small letter e for 1-simplex. We use index i for 1-simplices, so an edge should be written as Ei,ν . We remark
that Ei,ν also represent a pair of integers as (2.1) (so Ei,ν = (1,0), (0,−1), (−1,1)). For each 1-simplex ei , there are
some 3-simplices which have some edges Ei,ν which belong to ei . We remark that a 1-simplex may have many edges
which belong to several 3-simplices and even belong to one 3-simplex. We denote the 1-simplex by ei and the edge
by Ei,ν .
There are two types of 1-simplex, one is on ∂M and the other is not on ∂M . We call these boundary 1-simplex and
interior 1-simplex. Since each pair of pants has 3 boundary 1-simplices, so we have 3(2(g − s)) = 6(g − s) boundary
1-simplices. For a boundary 1-simplex ei and 3-simplex Δν , we define a pair of integers (b′iν , b′′iν) that count the
adjacent edges Eν,i to the 1-simplex ei . Therefore |b′iν |, |b′′iν | 6 . For a interior 1-simplex, we define pair of integers
(r ′iν , r ′′iν) similarly.
For vertices T (0), their links are tori or annuli. On a torus Tk , we define oriented paths lk and mk which are basis
of H1(Tk;Z) for k = 1, . . . , t . We choose lk and mk that lk,mk are anti-clockwise viewing from the vertices. For an
annulus Ak , we define oriented paths hk and wk (k = 1, . . . ,3(g − s)) as follows. hk is a generator of H1(Ak;Z) and
wk is a generator of H1(Ak, ∂Ak;Z). We also choose orientation of hk,wk so that hk , wk are oriented anti-clockwise
viewing from the vertices. We often denote a for lk , mk , hk or wk . We define a pair of integers (a′ν, a′′ν ) in the following
manner. When a passes through an annulus or torus, we homotope a to one which does not meet 0 or 1 simplices and
passes through each 3-simplex from one face to another face (we call this path normal path). We fix this homotopy
class. For this path, we can associate Eν that is contained in these two faces. We count this Eν with sign +1 if this
path passes Δν anti-clockwise viewing from vertex, −1 if this path passes Δν clockwise viewing from vertex when a
passes the 3-simplex (Fig. 3). We sum these contributions over the times the path passes through simplex ν. The result
is (a′ν, a′′ν ).
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ri =
(
r ′i,1, . . . , r ′i,n, r ′′i,1, . . . , r ′′i,n
)
(i = 1,2, . . . , n+ v − 3(g − s)),
bi =
(
b′i,1, . . . , b′i,n, b′′i,1, . . . , b′′i,n
)
(i = 1,2, . . . ,6(g − s)),
lk =
(
l′k,1, . . . , l′k,n, l′′k,1, . . . , l′′k,n
)
(k = 1,2, . . . , t),
mk =
(
m′k,1, . . . ,m′k,n,m′′k,1, . . . ,m′′k,n
)
(k = 1,2, . . . , t),
hk =
(
h′k,1, . . . , h′k,n, h′′k,1, . . . , h′′k,n
)
(k = 1,2, . . . ,3(g − s)),
wk =
(
w′k,1, . . . ,w′k,n,w′′k,1, . . . ,w′′k,n
)
(k = 1,2, . . . ,3(g − s)),
and integral matrices
R =
⎛⎜⎝ r
′
1,1 · · · r ′1,n r ′′1,1 · · · r ′′1,n
...
...
...
...
r ′n+v−3(g−s),1 · · · r ′n+v−3(g−s),n r ′′n+v−3(g−s),1 · · · r ′′n+v−3(g−s),n
⎞⎟⎠ ,
B =
⎛⎜⎝ b
′
1,1 · · · b′1,n b′′1,1 · · · b′′1,n
...
...
...
...
b′6(g−s),1 · · · b′6(g−s),n b′′6(g−s),1 · · · b′′6(g−s),n
⎞⎟⎠ ,
L =
⎛⎜⎝ l
′
1,1 · · · l′1,n l′′1,1 · · · l′′1,n
...
...
...
...
l′t,1 · · · l′t,n l′′t,1 · · · l′′t,n
⎞⎟⎠ ,
M =
⎛⎜⎝m
′
1,1 · · · m′1,n m′′1,1 · · · m′′1,n
...
...
...
...
m′t,1 · · · m′t,n m′′t,1 · · · m′′t,n
⎞⎟⎠ ,
H =
⎛⎜⎝ h
′
1,1 · · · h′1,n h′′1,1 · · · h′′1,n
...
...
...
...
h′3(g−s),1 · · · h′3(g−s),n h′′3(g−s),1 · · · h′′3(g−s),n
⎞⎟⎠ ,
W =
⎛⎜⎝ w
′
1,1 · · · w′1,n w′′1,1 · · · w′′1,n
...
...
...
...
w′3(g−s),1 · · · w′3(g−s),n w′′3(g−s),1 · · · w′′3(g−s),n
⎞⎟⎠ .
The number of interior 1-simplices is n+v−3(g−s). This is calculated the following way. We assume x is the number
of interior 1-simplices. Consider the double M̂ of M along S1 ∪ · · · ∪ Ss . ∂M̂ has only torus or sphere component.
M̂ has a triangulation induced by the triangulation of M . We denote this T̂ . T̂ is homeomorphic to the cone of M̂
along the ∂M̂ . Since a closed 3-manifold has Euler number zero, the Euler number of T̂ is 2t + 3(g − s) (t is the
number of toral components). T̂ has 2n 3-simplices, 4n 2-simplices, 2x+6(g− s) 1-simplices and 2v+2t +3(g− s)
0-simplices. We have equality (2v+2t+3(g−s))−(2x+6(g−s))+4n−2n = 2t+3(g−s), so x = n+v−3(g−s).
The next lemma is the fundamental result.
Lemma 2.3.⎛⎜⎜⎜⎜⎜⎝
R
B
L
H
M
⎞⎟⎟⎟⎟⎟⎠J2n
⎛⎜⎜⎜⎜⎜⎝
R
B
L
H
M
⎞⎟⎟⎟⎟⎟⎠
t
=
⎛⎜⎜⎜⎜⎜⎝
O O O O O O
O O O O O ∗
O O O O 2 O
O O O O O 2
O O −2 O O O
⎞⎟⎟⎟⎟⎟⎠ , (2.2)
W W O ∗ O −2 O O
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J2n =
(
O 1n
−1n O
)
.
In other words,
ri ∧ rj = 0, ri ∧ bj = 0, ri ∧ mk = 0, ri ∧ lk = 0, ri ∧ hk = 0, ri ∧ wk = 0,
bi ∧ bj = 0, bi ∧ lk = 0, bi ∧ mk = 0, bi ∧ hk = 0,
lk ∧ ll = 0, lk ∧ ml = 2δk,l, lk ∧ hl = 0, lk ∧ wl = 0,
mk ∧ ml = 0, mk ∧ hl = 0, mk ∧ wl = 0,
hk ∧ ml = 0, hk ∧ hl = 0, hk ∧ wl = 2δk,l,
wk ∧ wl = 0,
where
x ∧ y =
n∑
ν=1
(
x′νy′′ν − x′′ν y′ν
)
for x, y ∈ Z2n.
Remark 2.4. (2.2) does not depend on the homotopy class of lk , mk , hk or wk except for bi ∧wk . This is a consequence
of ri ∧ rj = 0, ri ∧ bj = 0, ri ∧ mj = 0, ri ∧ lj = 0. But bi ∧ wk depends on choice of homotopy class of wk .
We denote a field C or R by K. Let X be a matrix with 2n columns. We define a vector subspace [X] of K2n, [X]
is generated by row vectors. K2n has skew symmetric 2-form defined by x ∧ y =∑nν=1(x′νy′′ν − x′′ν y′ν) for x, y ∈ K2n.
Let [X]⊥ be the orthogonal subspace of [X] with respect to this 2-form.
We note that Ti and Ai are torus and annulus of links of T (0).
Lemma 2.5.
[R]⊥/[R] ∼=
(
t⊕
i=1
H1(Ti;K)
)
⊕
( 3(g−s)⊕
j=1
H1(Aj , ∂Aj ;K)
)
⊕
( 3(g−s)⊕
j=1
H1(Aj ;K)
)
.
We prove Lemmas 2.3 and 2.5. We use the Theorem 4.2 of [6]. Let K be a 3-dimensional oriented quasi-simplicial
complex. We call K closed if K has no free 2-simplex. K−K(0) is homeomorphic to a (open) manifold. Let K0 be the
result of removing a small open neighborhood of each vertex of K . Then each component of ∂K0 is homeomorphic to
the link of a vertex of K . Let Δ be a 3-simplex. Let J ′Δ be a vector space over K generated by the six edges e1, . . . , e6
of Δ. Let JΔ be the quotient of J ′Δ by the relations
ei − ei+3 = 0 (i = 1,2,3),
e1 + e2 + e3 = 0.
We can regard JΔ as 2-dimensional vector space K2 by the next correspondences
e1 ↔ (1,0), e2 ↔ (−1,1), e3 ↔ (0,−1)
as (2.1). We define the nondegenerate skew symmetric product on JΔ by 〈ei, ei+1〉 = 1 for i = 1, . . . ,6. If we regard
JΔ as K
2
, 〈(r ′1, r ′′1 ), (r ′2, r ′′2 )〉 = (r ′1, r ′′1 ) ∧ (r ′2, r ′′2 ) = r ′1r ′′2 − r ′′1 r ′2. Let J be the direct sum
∐
JΔ summed over the
3-simplices of K . J is regarded as 2n-dimensional vector space. Let Ci be the vector space over K generated by
the i-simplices of K . We will define maps α :C0 → C1 and β :C1 → J . α takes a 0-simplex to sum of the incident
1-simplices and β takes a 1-simplex to the elements corresponding to the edges of K . Since Ci has natural basis, we
can identify Ci with its dual C∗i . So we have α∗ :C1 → C0. We can also identify J with J ∗ by the nondegenerate
skew symmetric product and we have β∗ :J → C1.
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Theorem 2.6. (See Neumann [6], Theorem 4.2.) The sequence
J : 0 → C0 → C1 → J → C1 → C0 → 0
is a chain complex. The homology Hi(J ) of J is trivial for i = 1,2,4,5 and H3(J ) is isomorphic to H1(∂K0;K).
Furthermore the isomorphism is given by the map
δ :H1(∂K0) →H3(J ), γ :H3(J )→ H1(∂K0),
where δ and γ are defined as follows. For each edge E, γ sends E to edges of truncated triangles (Fig. 4). Let a be
a cycle of H1(∂K0;K). We homotope a to a normal path. Then there is an edge of Δν at which a passes through
this 3-simplex. This determines δ :H1(∂K0) → H3(J ). This is well-defined. γ ◦ δ is 2-times map. We also have
〈δ(x), δ(y)〉 = 2x ·y and γ (a) ·γ (b)= 〈a, b〉 for x, y ∈H3(J ) and a, b ∈ H1(∂K0;K) where dot · means intersection
form on surface ∂K0.
Proof of Lemmas 2.3 and 2.5. Let T be the ideal triangulation of M . Let T̂ and M̂ be the doubles of T and M
along S1 ∪ · · · ∪ Ss . We denote T̂ = T ∪ T and M̂ = M ∪ M . We define the orientations on T and M which are
inverse to T and M . Then T̂ and M̂ have orientations. T and T have 3-simplices which correspond each other but
their orientations are inverse. If Δ is 3-simplex in T , we denote the corresponding 3-simplex in T by Δ. Let E1, E2,
E3 be edges of Δ and E1, E2, E3 be corresponding edges of Δ. We remark that {E1,E2,E3} and {E1,E2,E3} have
different orientations. We assign pair of integers to Ei and Ei
E1 = (1,0), E2 = (0,−1), E3 = (−1,1),
E1 = (0,−1), E2 = (1,0), E3 = (−1,1).
Then we can apply Theorem 2.6 since T̂ is closed. We use the notations J = ∐Δ⊂T JΔ, J = ∐Δ⊂T JΔ and
Ĵ = J∐J . J and J are vector spaces of dimension 2n. So Ĵ is a vector space of dimension 4n. T̂ has 2n 3-simplices
and 2(n+ v− 3(g− s))+ (6(g− s)) 1-simplices. The links of vertices of T̂ are homeomorphic to spheres or tori. The
number of toral components in ∂(T̂ −N(T̂ (0))) is 2t + 6(g − s). The 2t toral components are tori in T or T and the
6(g − s) toral components are formed from annuli in T and T . Each toral component of ∂(T̂ − N(T̂ (0))) has paths
lk and mk derived from T . We denote these paths on T̂ by lk and mk . We also have paths derived from lk and mk
on T and denote these paths by l¯k and mk (Fig. 5). We also denote hk , hk , wk , wk similarly. We denote the interior
1-simplices of T and T by ri and ri . We denote the boundary 1-simplices in T and T by b̂k . We abuse the notations
ri , ri and b̂k for the loops around the 1-simplices ri , ri and b̂k on a component of ∂(T̂ −N(T̂ (0))). These are trivial
cycles on ∂(T̂ −N(T̂ (0))).
We define row vectors
b̂i =
(
b′i,1, . . . , b′i,n,−b′′i,1, . . . ,−b′′i,n, b′′i,1, . . . , b′′i,n,−b′i,1, . . . ,−b′i,n
)
(i = 1,2, . . . ,6(g − s)),
ri =
(
r ′i,1, . . . , r ′i,n,0, . . .0, r ′′i,1, . . . , r ′′i,n,0, . . . ,0
)
(i = 1,2, . . . , n+ v − 3(g − s)),
ri =
(
0, . . . ,0,−r ′′i,1, . . . ,−r ′′i,n,0, . . . ,0,−r ′i,1, . . . ,−r ′i,n
)
(i = 1,2, . . . , n+ v − 3(g − s)).
These vectors are regarded as the elements of J . Then we have δ(rk) = rk , δ(rk) = rk and δ(̂bk)= b̂k . We also define
row vectors
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(
l′k,1, . . . , l′k,n,0, . . . ,0, l′′k,1, . . . , l′′k,n,0, . . . ,0
)
(k = 1,2, . . . , t),
l¯k =
(
0, . . . ,0,−l′′k,1, . . . ,−l′′k,n,0, . . . ,0,−l′k,1, . . . ,−l′k,n
)
(k = 1,2, . . . , t),
mk =
(
m′k,1, . . . ,m′k,n,0, . . . ,0,m′′k,1, . . . ,m′′k,n,0, . . . ,0
)
(k = 1,2, . . . , t)),
mk =
(
0, . . . ,0,−m′′k,1, . . . ,−m′′k,n,0, . . . ,0,−m′k,1, . . . ,−m′k,n
)
(k = 1,2, . . . , t),
hk =
(
h′k,1, . . . , h′k,n,0, . . . ,0, h′′k,1, . . . , h′′k,n,0, . . . ,0
)
(k = 1,2, . . . ,3(g − s)),
hk =
(
0, . . . ,0, h′′k,1, . . . , h′′k,n,0, . . . ,0, h′k,1, . . . , h′k,n
)
(k = 1,2, . . . ,3(g − s)),
wk =
(
w′k,1, . . . ,w′k,n,0, . . . ,0,w′′k,1, . . . ,w′′k,n,0, . . . ,0
)
(k = 1,2, . . . ,3(g − s)),
wk =
(
0, . . . ,0,w′′k,1, . . . ,w′′k,n,0, . . . ,0,w′k,1, . . . ,w′k,n
)
(k = 1,2, . . . ,3(g − s)),
ŵk =
(
w′k,1, . . . ,w′k,n,−w′′k,1, . . . ,−w′′k,n,w′′k,1, . . . ,w′′k,n,−w′k,1, . . . ,−w′k,n
)
(k = 1, . . . ,3(g − s)),
(ŵk =wk −wk (k = 1, . . . ,3(g − s))).
We remark that in T we count the edge in inverse direction. We have δ(lk) = lk , δ(mk) = mk , δ(hk) = hk δ(wk) = wk .
We restrict lk , wk , hk and wk to T , then we obtain the next identities
ri ∧ rj =
〈
δ(ri), δ(rj )
〉= 2ri · rj = 0.
Similarly we have the identities
ri ∧ bj = 0, ri ∧ mk = 0, ri ∧ lk = 0, ri ∧ hk = 0, ri ∧ wk = 0,
lk ∧ ll = 0, lk ∧ ml = 2δk,l, lk ∧ hl = 0, lk ∧ wl = 0,
mk ∧ ml = 0, mk ∧ hl = 0, mk ∧ wl = 0,
hk ∧ hl = 0, hk ∧ wl = 2δk,l, wk ∧ wl = 0.
Since b̂i · lk = 0, we have bi ∧ lk = 0. We also have bi ∧ mk = 0, bi ∧ hk = 0. So we proved Lemma 2.3. We remark
that bk ∧ wk is not 0 although
b̂k ∧ ŵk = (bk + bk)∧ (wk − wk)= bk ∧ wk − bk ∧ wk = bk ∧ wk − bk ∧ wk = 0.
Let C0 be a vector space generated by the vertices of T whose links are not homeomorphic to annuli and C = 1 be
a vector space generated by the 1-simplices of T . We consider the complex
0 → C0 → C1 → J → C1 → C0 → 0.
The image of β :C1 → J is [R] and the kernel of β∗ :J → C1 is [R]⊥. We construct the homomorphism
γ : [R]⊥/[R] →
(
t⊕
i=1
H1(Ti;K)
)
⊕
( 3(g−s)⊕
j=1
H1(Aj , ∂Aj ;K)
)
⊕
( 3(g−s)⊕
j=1
H1(Aj ;K)
)
and
δ :
(
t⊕
i=1
H1(Ti;K)
)
⊕
( 3(g−s)⊕
j=1
H1(Aj , ∂Aj ;K)
)
⊕
( 3(g−s)⊕
j=1
H1(Aj ;K)
)
→ [R]⊥/[R]
as above. We can also show that the homology Hi of this complex is trivial for i = 1,2,4,5 and γ ◦ δ is 2-times map.
The dimension of [R]⊥/[R] is equal to the Euler number of this complex. So we have
dim[R]⊥/[R] = 2(v + t)− 2(n+ v − 3(g − s))+ 2n= 2t + 6(g − s).
Therefore γ and δ are isomorphisms. 
Corollary 2.7.
[R]⊥ = [R] ⊕ [L] ⊕ [M] ⊕ [H ] ⊕ [W ].
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H
)
and Y = (M
W
)
. Lemma 2.3 means that [R], [X] and [Y ] is orthogonal to [R]. Hence [X] + [Y ]
is direct sum and [X] = [L] ⊕ [H ], [Y ] = [M] ⊕ [W ]. Since [R] is orthogonal to [X] ⊕ [Y ], we get [R]⊥ ⊃ [X] ⊕
[Y ] ⊕ [R]. So [R]⊥/[R] ⊃ ([R] ⊕ [X] ⊕ [Y ])/[R] ∼= [X] ⊕ [Y ]. Lemma 2.5 shows that left-hand side has dimension
2t + 6(g − s). The right-hand side has dimension 2t + 6(g − s). So equality follows. 
Corollary 2.8. If x, y ∈ K2n satisfy Rxt ,Ryt = 0, then
2xJ2nyt = x
⎛⎜⎝
L
H
M
W
⎞⎟⎠
t
J2n
⎛⎜⎝
L
H
M
W
⎞⎟⎠yt .
Proof. We define X = ( L
H
)
, Y = (M
W
)
and U = ( XY
R
)
. Since Rxt = RJ2n(xJ2n)t = 0, xJ2n ∈ [R]⊥. By Corollary 2.7,
we have xJ2n = zU for some z ∈ K2h+n+v−3(g−s) and
x
(
X
Y
)t
= −xJ 22n
(
X
Y
)t
= −zUJ2n
(
X
Y
)t
= −2z
(
J2h
O
)
.
Hence
x
(
X
Y
)t
J2n
(
X
Y
)
yt = −2z
(
J2h
O
)
J2h
(
X
Y
)t
J2ny
t = 2z
(
E
O
)(
X
Y
)
yt
= 2zUyt = 2xJ2nyt . 
3. Deformation space of representations
Let Γ be a group. We usually consider the case that Γ is the fundamental group of a surface or 3-manifold. We
define the representation space of Γ as Hom(Γ,PSL(2,C)). This set has compact-open topology. Mostly we are
interested in the conjugacy class of a representation, so we want to consider the quotient space Hom(Γ,PSL(2,C))/
PSL(2,C) by the action of conjugation. But this space is generally non-Hausdorff. We are only interested in the
quotient of the subspace of irreducible representations of Hom(Γ,PSL(2,C)). It is known that the quotient of the set
of irreducible representations is a Hausdorff space (see [4]).
3.1. Representation of surface groups
Let S be a closed oriented surface. We parametrize the subspace of irreducible representations Homirr(π1(S),
PSL(2,C))/PSL(2,C). We can construct this parametrization by two steps. First, we construct parametrization of
representations of fundamental group of a pair of pants. Next we describe how these representations of pairs of pants
are glued. We use the developing map to describe this parametrization.
We fix a pants decomposition C of S and its orientations o. Let ρ be a irreducible representation of π1(S). We
assume that ρ(γ ) (γ ∈ C) are hyperbolic elements and ρ|π1(P ) is an irreducible representation for each pants P . We
parametrize these representations.
Fix one hyperbolic structure on S, so we can consider the universal covering of S as the Poincaré disk model H2.
Let p :H2 → S be the projection map. Each simple closed curve is represented by a geodesic curve for this hyperbolic
structure. We give orientations to the geodesic curves from o. Let P be one pair of pants and its boundary oriented
curves γi (i = 1,2,3). We triangulate P by two ideal triangles whose ideal vertices go to the directions of γi . Let
P˜ be a lift of P . The ideal triangulation of P lifts to a triangulation of P˜ . We fix one ideal triangle δ0 of P˜ . Let δ1
be an adjacent ideal triangle of P˜ . P˜ has infinitely many geodesic boundaries and they are lifts of some γi . Take a
base point ∗ on p(δ0). Then each triangle which is a lift of p(δ0) is associated with an element of π1(P,∗). δ0 and
adjacent ideal simplex δ1 form a fundamental domain of π1(P,∗). δ0 has three ideal vertices. Each vertex of δ0 is an
end point of some lift of γi . We denote these geodesics γ˜i . Paths going around the γi generate π1(P,∗). We denote
these elements of π1(P,∗) by gi . Then π1(P,∗) is a free group generated by any two of g1, g2, g3. These generators
Y. Kabaya / Topology and its Applications 154 (2007) 2656–2671 2665Fig. 6. The lift of pants to the Poincaré disk. The central ideal simplex is a lift of ideal triangle of pair of pants. Three arrows means deck
transformation g1, g2, g3 ∈ π1(P,∗). We have g3g2g1 = 1. One of fixed points of gi is one end point of geodesic γ˜i .
are also described by deck transformations of P˜ . gi are the hyperbolic elements whose axes are γ˜i and which send δ0
to nearest lift of p(δ0).
We develop the pairs of pants to H3 with respect to ρ. Since ρ(g) (g ∈ π1(P,∗)) are hyperbolic elements by
assumption, ρ(g) have axes in H3. We send δ0 to ideal simplex Δ0 in H3 and denote its vertices x1, x2, x3. We can
conjugate ρ that ρ(gi) fixes xi since PSL(2,C) transitively acts on triples of points in CP 1. ρ(g) (g ∈ π1(P )) develop
P˜ to
⋃
g∈π1(P ) ρ(g)Δ0 ∪
⋃
g∈π1(P ) ρ(g)Δ1 where Δ1 is a developed image of δ1. ρ(gi) is described by an element of
C− {0,1}. In fact, if we move xi to 0 and another fixed point of gi to ∞, this transformation maps z 	→ Hz for some
H ∈ C − {0,1}. We call this complex number holonomy. The transformation that sends Δ0 to ρ(g)Δ0 is uniquely
determined. So we can conversely construct ρ from the developing map.
If ρ ∈ Hom(π1(P ),PSL(2,C)) satisfies x1 = 0, x2 = ∞, x3 = 1, we can explicitly describe the representation ρ.
Let {0, x},{∞, y}, {1, z} be fixed points of ρ(g1), ρ(g2), ρ(g3). ρ is represented by its lifting to SL(2,C) representa-
tion
ρ(g1) =
(
a−1 0
a−1−a
x
a
)
, ρ(g2) =
(
b (b−1 − b)y
0 b−1
)
,
ρ(g3) = 1
z− 1
(
c−1z− c (c − c−1)z
c−1 − c cz− c−1
)
,
where a±1, b±1, c±1 (a, b, c ∈ C − {0,1}) are eigenvalues of ρ(g1), ρ(g2), ρ(g3). Since ρ(g3)ρ(g2)ρ(g1) = 1, we
have
x = a − a
−1
a − bc−1 , y =
b−1 − a−1c
b−1 − b , z =
a − bc
a − bc−1 .
Therefore
ρ(g1) =
(
a−1 0
bc−1 − a a
)
, ρ(g2) =
(
b b−1 − a−1c
0 b−1
)
,
ρ(g3) =
(
ab−1 c − ab−1
ab−1 − c−1 c + c−1 − ab−1
)
.
In this case, holonomies around γ1, γ2, γ3 are a2, b2, c2. The action of H1(P ;Z/2Z) changes the SL(2,C) repre-
sentations which are equivalent as PSL(2,C) representations. This action is described by (a, b, c) → (ε1a, ε2b, ε3c),
(εi ∈ {±1}, ε1ε2ε3 = 1).
We developed one pair of pants, then we develop adjacent pants P ′. We glue the developing maps of P and P ′.
Let γ be a common loop of P and P ′. Let γ˜ be a lift of γ . Let l be a path from P to P ′ intersecting γ at one point.
We choose P and P ′ so that γ and l intersect anti-clockwise. We will glue the developing map of P and P ′ along
γ˜ . δ0 and δ′0 are fixed ideal simplices of P˜ , P˜ ′. Let Δ0 and Δ′0 be a developed images of δ0 and δ′0 in H3. δ0 and
δ′0 have a common ideal vertex in H2. We develop Δ0 and Δ′0 to their common ideal vertex ∞. We conjugate ρ so
that ρ(g) fixes 0, ∞ (we need not conjugate ρ but do so for simplicity). Let Δ1 be an adjacent ideal triangle to Δ0.
Δ0 ∪ Δ1 forms an ideal quadrilateral. Two of its edges are transformed by ρ(g). These two edges and a geodesic
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whose endpoints are the endpoint of these two edges makes an ideal triangle Δ (Fig. 7). Let Δ′1 be also an adjacent
ideal triangle Δ′0. Then Δ′0 and Δ′1 also induce ideal triangle Δ′. We can construct these ideal triangles equivariantly
with respect to ρ(g). There is an hyperbolic element which transforms Δ to Δ′. This is described by the element of
PSL(2,C) which fixes 0,∞. We call this a twist parameter (we will use modified version of twist parameter later).
Twist parameter depends on the choice of ideal triangles Δ0, Δ1 on P˜ and Δ′0, Δ′1 on P˜ ′. But another choice changes
these parameters only multiplication by complex number. We modify these twist parameter to only depend on Δ0 and
Δ′0. The quadrilateral can be completed to an ideal 3-simplex. Δ0 and Δ are the face of this ideal 3-simplex. The edge
which is the intersection of Δ0 and Δ determines complex number d . We have also complex number d ′ for Δ′0 and
Δ′. We multiply the twist parameter by d and d ′ according to Fig. 3. This modified parameter only depends on the
choice of Δ0 and Δ′0 (it does not depend on the choice of Δ1 and Δ′1). We simply call this modified twist parameter
the twist parameter. This twist parameter represent how bent from Δ0 to Δ′0.
We continue this process to all pairs of pants. So we get a parametrization of subspace of Hom(π1(S),PSL(2,C))/
PSL(2,C) by 6g− 6 nonzero complex elements. We denote the holonomies by {Hk}k=1,...,3g−3 and the twist parame-
ters by {Wk}k=1,...,3g−3.
We remark that Bonahon gave a parametrization of PSL(2,C) representations of the fundamental group of a surface
by using the shear-bend cocycle of maximal geodesic lamination λ in Section 10 of [1]. Our parametrization closely
related to the shear-bend cocycle. In our case the ideal triangulation associated to pants decomposition gives a maximal
geodesic lamination of a surface.
3.2. Representation of 3-manifolds
Let M be a compact 3-manifold with boundary. We fix a pants decomposition C of ∂M and its orientations o. We
triangulate M associated with (C,o). We denote this triangulation T . We consider the representation space of π1(M).
Fix a representation of π1(M) → PSL(2,C). This gives a flat connection on M . Then we have complex parameter for
each 3-simplex as follows. The holonomy of flat connection determines an element of PSL(2,C) for each vertex of
T . So each 3-simplex in T has (g0, g1, g2, g3) (gi ∈ PSL(2,C)). This is determined up to a coboundary. Choose one
boundary vertex of 3-simplex of T and send it to the fixed point x ∈ CP 1 of the lift of a pants curve. Then we can
construct the cross ratio [g0x : g1x : g2x : g3x] for each 3-simplex. We choose x such that these cross ratios are not
0,1,∞. These determine complex parameters of ideal simplices. We use notations as Section 2. Around an interior
1-simplex ei , there is consistency relation
Ri = ±
n∏
ν=1
z
r ′i,ν
ν (1 − zν)r ′′i,ν = 1 (i = 1,2, . . . , n+ v − 3(g − s))
as in [9].
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π1(M) → PSL(2,C) as follows. We fix one 3-simplex of T . This has a complex parameter, so we can realize this
3-simplex in H3. A 3-simplex adjacent to this 3-simplex has also complex parameter, so it determines a 3-simplex
in H3. We continue this construction to all 3-simplex in fundamental region of T˜ . We denote this polyhedron in H3
by P . P has finite number of geodesic faces and pairing pattern of faces.
We have
Bi = ±
n∏
ν=1
z
b′i,ν
ν (1 − zν)b′′i,ν (i = 1,2, . . . ,6(g − s))
for each boundary 1-simplex. But this number is not equal to 1. Bi represent how this boundary 1-simplex is bent.
Next we consider tori or annuli ends of T . lk , mk , hk and wk are as Section 2. We get holonomies of meridians and
longitudes of Tk ,
Mk = ±
n∏
i=1
z
m′k,i
i (1 − zi)m
′′
k,i , Lk = ±
n∏
i=1
z
l′k,i
i (1 − zi)l
′′
k,i (k = 1, . . . , t)
and holonomies around hk
Hk = ±
n∏
i=1
z
h′k,i
i (1 − zi)h
′′
k,i (k = 1, . . . ,3(g − s)).
We also define
Wk = ±
n∏
i=1
z
w′k,i
i (1 − zi)w
′′
k,i (k = 1, . . . ,3(g − s)).
We call Wk twist parameters. We remark that these parameters depend on the orientation o of pants curves and wk .
For fixed pants decomposition and orientation o, Wk are only determined up to Bl where bl are boundary 1-simplices
which intersect with annulus which hk goes through.
For each annulus end, we have 6(g − s)-dimensional complex parameters {Hk}i=1,...,3(g−s), {Wk}i=1,...,3(g−s).
These are parameters that are described in Section 3.1.
4. The pre-Bloch group and Bloch group
4.1. Definition of pre-Bloch group and Bloch group
Consider an ideal 4-simplex in H3. This is described by 5 points (z0, z1, z2, z3, z4) in CP 1. The boundary of this
ideal 4-simplex is a set of ideal 3-simplices
∂(z0, z1, z2, z3, z4) =
4∑
i=0
(−1)i(z0, . . . , zˆi , . . . , z4). (4.1)
Each of the ideal 3-simplices has a complex parameter as 2.2. We define
x = [z1 : z2 : z3 : z4], y = [z0 : z2 : z3 : z4].
Then,
[z0 : z1 : z3 : z4] = y
x
, [z0 : z1 : z2 : z4] = 1 − x
−1
1 − y−1 , [z0 : z1 : z2 : z3] =
1 − x
1 − y .
Definition 4.1. The pre-Bloch group P(C) is a quotient of the free Abelian group generated by C−{0,1} factored by
the relation:
[x] − [y] +
[
y
x
]
−
[
1 − x−1
1 − y−1
]
+
[
1 − x
1 − y
]
= 0. (4.2)
We denote [z] the class which contains z.
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As described above, Eq. (4.2) means (4.1) is 0. In other words, this relation describes combinatorial modification
of an ideal triangulation. For example, 2 3-simplices may be replaced by 3 3-simplices, 1 3-simplex may be replaced
by 4 3-simplices and the inverses of these modifications may be possible.
In this paper, we use wedge ∧Z for skew symmetric product on Abelian groups. C∗ is considered as an Abelian
group by multiplication. For example, C∗ ∧ZC∗ is Abelian group generated by the set x∧Z y factored by the relations
xy ∧Z z = x ∧Z z+ y ∧Z z, x ∧Z y = −y ∧Z x.
As easy consequence, 1 ∧Z x = 0 for any x ∈ C∗, and xn ∧Z y = n(x ∧Z y). We define the map λ :P → C∗ ∧Z C∗.
Definition 4.2.
λ : [z] 	→ 2(z∧Z (1 − z)),
and we define the Bloch group.
Definition 4.3. B(C)= Ker(P(C) → C∗ ∧Z C∗).
4.2. Invariants of 3-manifolds and their representations
Let G be PSL(2,C). We construct an element of P(C) for 3-manifold and the representation ρ of its fundamental
group to G. We fix a pants decomposition C and an orientation o on the boundary such that the restriction of each pair
of pants is irreducible and its image is hyperbolic elements. We fix the triangulation T of M associated to (C,o). As
in Section 3.2, we can construct complex parameters for each 3-simplex. So we define an element
Definition 4.4.
β(M,ρ,C,o) =
n∑
i=1
[zi] ∈ P(C).
If M is closed, this is the invariant of M and ρ of [8] and [7]. We prove the invariance in the case that M has
boundary component its genus greater than 2. We need some terminologies.
The flat connection and T determine the 1-cocycle (an element of H 1(M,G)). This is described as follows. We
denote the set of 1-simplices by S and the set of 0-simplices by V . A 1-cocycle is a function φ :S → G which
satisfies φ(s1)φ(s2) = φ(s1s2) where s1, s2 are 1-simplices. Clearly, this gives a representation of π1(M). Conversely,
representation of π1(M) give a 1-cocycle by using flat connection of this representation. But this is determined up
to the action of 0-cochain. The 0-cochain is described by the function τ :V → G. This acts on 1-cocycle φ(s) →
τ(s(0))−1φ(s)τ (s(1)). For a 3-simplex Δi , we have an element of G for each edges by 1-cocycle. This determine
nonhomogeneous 3-cycle. We denote this [g1|g2|g3]. This 3-cycle determine element of CP 1 by [z : g1z : g1g2z :
g1g2g3z]. So we can get an element β(M,ρ,C,o) ∈ P(C). We show that β(M,ρ,C,o) only depends on ρ, M , C
and o.
Proof of Proposition 1.1. Let T be and T ′ be two different triangulations. Construct two triangulations of M̂ : one
by gluing T to T as in the proof of Lemma 2.3 and one by gluing T ′ to T . Call them T̂ = T ∪ T , T̂ ′ = T ∪ T . Now,
using subscripts to denote which triangulation we are using, β(M̂) = βT̂ (M̂) = βT̂ ′(M̂) by Neumann–Yang [8], so
βT (M,ρ,C,o) = βT̂ (M̂)− βT (M,ρ,C,o) = βT̂ (M̂ ′)− βT (M,ρ,C,o)= βT ′(M,ρ,C,o). 
In Section 3, we use triangulation whose link of interior vertices are isomorphic to spheres. But it is useful to be
able to use the triangulation degree one triangulation which is used in Neumann–Zagier [9]. The proof of Theorem 1.1
suggests that β(M,ρ,C,o) can be defined by using degree one ideal triangulation.
Next we will prove the Theorem 1.2.
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x ∧Z yt =
k∑
i=1
xi ∧Z yi ∈ C∧Z C.
We remark that this wedge is different from one of Section 2. For A ∈ Ml,k, x ∈ Cl , y ∈ Ck , we have xA ∧Z yt =
x ∧Z Ayt . For x = (log(z1), . . . , log(zn), log(1 − z1), . . . , log(1 − zn)), we have Rx = 0. Let X =
(
L
H
)
and Y = (M
W
)
.
As in Corollary 2.8, we have xJ2n = zU for some z ∈ C2h+n+v−3(g−s), and x
(
X
Y
)t = −2z( J2h
O
)
. So we have
x
(
X
Y
)t
∧Z J2n
(
X
Y
)
xt = −2z
(
J2h
O
)
J2h ∧Z
(
X
Y
)t
J2nx
t = 2z
(
E
O
)
∧Z
(
X
Y
)
xt
= 2zU ∧Z xt = 2x ∧Z J2nxt .
On the other hand, we have
x ∧Z J2nx =
n∑
ν=1
(
log(zν)∧Z log(1 − zν)− log(1 − zν)∧Z log(zν)
)
= 2
n∑
ν=1
log(zν)∧Z log(1 − zν)
and (
X
Y
)t
∧Z J2n
(
X
Y
)
xt = (log(L1), . . . , log(Lt ), log(H1), . . . , log(H3(g−s)),
log(M1), . . . , log(Mt), log(W1), . . . , log(W3(g−s))
)
∧Z J2h
(
log(L1), . . . , log(Lt ), log(H1), . . . , log(H3(g−s)),
log(M1), . . . , log(Mt), log(W1), . . . , log(W3(g−s))
)
=
t∑
k=1
(
log(Lk)∧Z log(Mk)− log(Mk)∧Z log(Lk)
)
+
3(g−s)∑
k=1
(log(Hk)∧Z log(Wk)− log(Wk)∧Z log(Hk))
= 2
t∑
k=1
log(Lk)∧Z log(Mk)+ 2
3(g−s)∑
k=1
log(Hk)∧Z log(Wk).
We complete the proof by taking exp ∧Z exp :C∧Z C → C∗ ∧Z C∗. 
Remark 4.5. For annulus end, Mk is not defined uniquely. This is determined up to Bi . But hk ∧Z bi = 0 means that
this does not affect on the wedge product. For torus end, Li , Mi is well-defined up to the action of
(
a b
c d
) ∈ SL(2,Z),
Li 	→ Lai Mbi ,Mi 	→ LciMdi . But we have
Lai M
b
i ∧Z LciMdi = (ad − bc)Li ∧Z Mi = Li ∧Z Mi.
So this theorem does not depend on the choice of basis.
5. Volumes of representations
In Section 1.1, we defined an element β(M,ρ,C,o). This element describes volume of a representation. We define
Li2(z) = −
∫∞
0
log(1−t)
t
dt and,
D(z) = Im Li2(z)+ log |z|arg(1 − z) (z ∈ C− {0,1}).
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term relation,
D(x)−D(y)+D(y/x)−D
(
1 − x−1
1 − y−1
)
+D
(
1 − x
1 − y
)
= 0.
Therefore we get the homomorphism D :P(C)→ R. We can define volume of (M,ρ,C,o) by D(β(M,ρ,C,o)).
We next consider the variation of volume in deformation space. We define
uk = log(Mk) =
n∑
i=1
(
m′k,i log(zi)+m′′k,i log(1 − zi)
)
(k = 1, . . . , t),
uk = log(Wk)=
n∑
i=1
(
w′k,i log(zi)+w′′k,i log(1 − zi)
)
(k = t + 1, . . . , t + 3(g − s)),
vk = log(Lk) =
n∑
i=1
(
l′k,i log(zi)+ l′′k,i log(1 − zi)
)
(k = 1, . . . , t),
vk = log(Hk)=
n∑
i=1
(
h′k,i log(zi)+ h′′k,i log(1 − zi)
)
(k = t + 1, . . . , t + 3(g − s)).
These are logarithms of holonomies. We compute some formulae,
∂D
∂z
= i
2
(
log |1 − z|
z
+ log|z|
1 − z
)
,
∂D
∂z
= − i
2
(
log |1 − z|
z
+ log|z|
1 − z
)
.
We denote
x =
[(
dzν
dt
)
1νn
,
(
dzν
dt
)
1νn
]
, y = [(log |zν |)1νn, (log |1 − zν |)1νn].
Then,
x
(
X
Y
)t
=
[(
dvi
dt
)
1it+3(g−s)
,
(
dui
dt
)
1it+3(g−s)
]
,
y
(
X
Y
)t
= [(Re(vi))1it+3(g−s), (Re(ui))1it+3(g−s)].
Because of 2.8,
d
dt
Vol(Mt) = i2
n∑
ν=1
[(
log |1 − zν |
zν
+ log|zν |
1 − zν
)
dzν
dt
−
(
log |1 − zν |
zν
+ log |zν |
1 − zν
)
dzν
dt
]
= − Im(xJ2nyt)= −12 Im
(
x
(
X
Y
)t
J2n
(
X
Y
)
yt
)
= −1
2
Im
t+3(g−s)∑
i=1
[
Re(ui)
dvi
dt
− Re(vi)duidt
]
= −1
2
t+3(g−s)∑
i=1
[
Re(ui)
d Im(vi)
dt
− Re(vi)d Im(ui)dt
]
.
This means
dVol = −1
2
t∑
k=1
(
log|Mk|d arg(Lk)− log |Lk|d arg(Mk)
)
− 1
2
3(g−s)∑ (
log |Wk|d arg(Hk)− log |Hk|d arg(Wk)
)
.k=1
Y. Kabaya / Topology and its Applications 154 (2007) 2656–2671 2671Remark 5.1. Hodgson proved the variation formula of volume function on representation variety for torus boundary
case (see [3], p. 62). This equation can be seen as a generalization of Hodgson’s variation formula to higher genus
boundary case. We also remark that Bonahon showed in Theorem 3 of [2] similar formula in terms of his bending
transverse cocycle.
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